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^ ■ 1 Introduction 

, Malle and Matzat proved in [3l III. 7. 5] that the Mathieu group M24 is a regular Galois 

extension of Q(t). This group was the last sporadic group which could be shown to be 
a Galois group over the rationals, the only open case remains M23. 

The M24 Galois extensions L/Q(i) by Malle and Matzat have the following properties: 
Let Q{t,x) be a root field of degree 24 over Q(t). Then the genus of Q(t, x) is 0. More 
precisely, exactly 4 places Po, Pi and p2 of C(t) are ramified in CL. Let Pi be 
1^ , a place in CL above pi. Then the inertia group of Poo is generated by an element of 

a [ order 12 with two cycles (in the natural degree 24 action), and each inertia group of Pi, 

i = 1,2, 3, is generated by an involution with 8 fixed points. Clearly, p^o is stable under 
the absolute Galois group of Q, so p^o is rational. 

We call a M24 Galois extension of Q(t) (or of C(t)) with this ramification data an 
^ ■ extension of type (12, 2, 2, 2). 

. Malle and Matzat show the following: Up to a natural equivalence, the Galois ex- 

! tensions with the above data, and the added property that po is rational too, are 

parametrized (up to finitely many exceptions) by the rational curve P"'^(Q). In his thesis 
'nI" . [2] Granboulan succeeded to compute an explicit polynomial with these data. 

, If one requires all branch points pi to be rational, then the parametrizing curve has 

genus 1, see [31 III. 7. 5]. It was left open whether this curve has sufficiently many points 
to give M24 realizations. As a corollary to our computations, we explicitly compute this 
curve and show that it is an elliptic curve with positive rank. So there are infinitely 
many M24 extension of type (12, 2, 2, 2) with all branch points rational. 

The polynomial by Granboulan is somewhat complicated. We believe that there are 
two reasons for this: First, requiring that po is rational adds a further condition, which 
rules out most polynomials which could have a nicer shape. Secondly, his polynomial 
is just a specialization of an unknown one-parametric family, so the kind of random 
specialization could produce ugly coefficients. 

For this reason we computed the whole one-parameter family, and dropped the ratio- 
nality of Pq. 



1 



Theorem. Let t be a transcendental over Q. For 1 ^ s £ Q let As,Bs € be as 

in the Appendix. Then the Galois group of {t - As{X))'^ + {X'^ + l)Bs{X)'^ over is 
M24. 

Remark. For s = we get the reasonably sized polynomials 

^0 = 4194304X^2 _ 7235l744X^° + 1572864X^ + 154443776X^ 

- 34062336X^ + 46684160X^ + 16098816X^ - 156060348X^ 
+ 30667728X3 - 5330757X2 _ 3462498X + 9958791 

25165824X^° - 1572864X^ + 145227776X^ - 16515072X^ 
164757504X^ + 48453120X^ - 56207872X^ 
6865152X3 + 71415384X2 - 8906760X + 224829. 

In the Theorem, we indeed need to exclude the value s = 1. One can show that in this 
case the Galois group is not doubly transitive, so it is a proper subgroup of M24. 



and 



2 Motivation 

Let Q{t,x)/Q{t) be a (12,2,2,2) extension with branch points Poo,P0tPi,P2 as in the 
introduction, such that the normal closure has Galois group M24. Since poo is rational, 
we may assume that Pooit) = 00. Let k be the residue field of Poo- Then [A: : Q] < 2 
(actually one can show that k is not real). Then k{t,x) = k{y) (since Q(t,x) has genus 
and k{t,x) has a A: -rational place). Without loss assume that y and y 00 are 
the two places above poo- 
Then 

, 9{y) 



yl2 



f{y) 



for g{Y) £ k[Y] of degree 24. Let a 1— )• o be the automorphism of kL which is the identity 
on L and has order 2 on k. From t = f{y) we obtain t = t = f{y). On the other hand, 
k{y) = Kv)^ so 

ay + h 
cy + a 

for some a,b,c,d G k. Comparing poles in /(^^^) = f{y) shows that either c = d = 
or a = d = 0. One can show that the former case cannot hold. Thus f{b/y) = f{y)- 

From y = § = b/y = bl we get 6 = 6, so 6 G Q. If g{Y) = ^ g23Y'^^ H h giY + go, 

then 6^2 = Thus upon replacing g{Y) with g{\/l)Y)/b^'^ , we may assume that g{Y) 
is monic with gQ = 1, for the price that we possibly need to replace A; by a quadratic 
extension which we still call k. Note also that ^12 = 512- 
The ramification over po,pi,P2 translates to 

g{Y)-u,Y'' = A{Y)^B,{Y), (1) 

where D{T) = (T — ujo)(T — uJi){T — UJ2) G k[T], and Ai, Bi G A;[a;i][y] are of degree 8. 
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Generically, the branch points u = coq,u}i,lo2 are conjugate over k. Let a £ Gal(Q//c) 
with uj'^ = uji. Write Aq = Uq + uUi + uj'^U2 with Uo,Ui,U2 G k[^]j ™d similarly 
Bo = Vo + ujVi + io^V2. Then = Uq + UiUi + ufUi and Bi = Vq + ujiVi + ^2^2. By 
adding a constant to (7(y)/y^2 we may assume that D(T) = {T — uJo){T — uji){T — UJ2) = 
T^+pT + q. 

We set up a system of 49 equations for 50 unknowns: The polynomials Ui,U2,Vi 
and V2 have degree 7, while Uq and Vq are monic of degree 8. This gives 48 unknown 
coefficients. The remaining 2 unknowns are p and q in D{T) = + pT + q. 

The 49 equations come from noting that ([1]) is equivalent to Ai{Y)'^ Bi{Y)+uJiY^'^ being 
independent of i, that is (C/q + ujUi + uj'^U2)'^{Vo + ujVi + ^^^2) having all coefficients in 
k (and constant term 1). Thus treating a; as a variable and reducing the expansion of 
(Uq + ujUi + uj'^U2)'^{Vo + coVi + a;2V2) + f^y modulo co'^ + pu + q gives 49 equations. 

One can revert the arguments which led to the special shape of f{Y), similar arguments 
appear in [2]. Suppose that f{Y) = /{y) with 6 G Q. Let y be a root of fsiY) — t. Set 
X = (y + y) /2, z = [y — y) /2, so y = X + z with x = x and z = —z. From f{y) = t and 
t = t we get /(|) = But y is the single root of f{Y) — t in k{y), so | = y. We get 
x'^ + z'^ = yy = b. Next write 

Expand the right hand side, and reduce modulo + — 6 with respect to z. This yields 
t = A[x) + zB{x) for ^, B G Q[X]. Then 

= (t - - z25(x)2 = - A{x)f + (x^ - 

so (t — A{X))'^ + (X^ — b)B{X)^ is a minimal polynomial for x over 



3 The Computation 

Granboulan gives a single rational function g{Y)/Y^'^ which after adding a constant has 
the shape as above, with b = —1. The fact that all functions g{Y)/Y^'^ with these data 
and monodromy group M24 are parametrized by a rational curve means that the 49 
equations in C^'' (we cannot fix the at most biquadratic field k, since it could vary with 
g) describe a rational curve. Furthermore, the coefficients 1 = 70,71, • • • ,723,724 = 1 of 
g{Y) are polynomials in the unknowns we work with. So if we fix a pair 1 < i < j < 23, 
then the coefficients 7^ and 7^ should be related by a genus curve equation. Using a 
straightforward Newton iteration and starting from Granboulan's example, we moved 
in small steps and computed examples of g{X) for 712 = 25, 26, 27, . . . , 124 to a very 
high precision (3000 binary bits). Fix an index 1 < i < 22. Let (723,j,7i,j) be the 100 
pairs of the corresponding coefficients. We tried if there is a polynomial relation of total 
de gree m by minimizing IX]r_|_g<m Qt,s723 jTf jl subject to ao,o — 1 for unknowns a^^g G C. 
For the first m which gave a good approximation we used the function algdep from the 
computer algebra package Sage [1] to determine if be expected to be algebraic. 
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To our surprise, it turned out that all the coefficients actually lie in Q(i) (so k from above 
is quadratic and does not vary with g), and that each ji is a polynomial in the imaginary 
part of 723. The family gsiY), s £ C, which we obtained fulfills fsiY) = fs{—l/Y) for 
all real s. Now retrieve Ag and Bg from fs{Y) = 9s{Y)/Y^'^ as described in the previous 
section. The polynomials Ag and Bg from the appendix slightly differ from those just 
obtained: The Galois group of {t — A{X))'^ + {l+X'^)B{X)'^ doesn't change if we multiply 
A and B by the same nonzero factor from Q, and it does not change if we add an element 
from Q to A. 

The monic cubic D{T) whose roots are the finite branch points of the splitting field 
of {t - As{X))^ + (1 + X^)Bs{Xy has the form D{T) = T'^ + p{s)T^ + q{s)T + r(s), 
where p,q,r G Q[S] have degrees 24, 44, and 68, respectively. (Since Sage cannot handle 
polynomials of large degree, we computed p, q, and r with the help of Magma [1].) Note 
that by adding a constant to A(X), which amounts to adding the same constant to t, 
we have given up the original condition that the coefficient of in D(T) vanishes. If 
we want to make a branch point po rational, then we need to find a condition on s 
such that D(T) has a rational root. By Malle-Matzat, the M24 extensions with rational 
Po are still parametrized by P^(Q). Thus the curve + p{S)T + q{S) = should be 
a rational curve, so there should be a cubic rational function S{Z) £ Q{Z) such that 
T^+p{S{Z))T + q{S{Z)) = has a root in Q{Z). Let Tq be a root of + p{S)T + q{S) . 
Working out the ramification of the cubic extension Q(5, To)/Q(5) allows us to express 

S in terms of Z, where Q{S,To) = Q{Z). Indeed, S{Z) = ^^25^(^^^i)'^^^^'^ • 

Eventually, we want to get the condition that all finite branch points are rational. The 
above parametrization gives a linear factor of D{T) = + p{S{Z))T + q{S{Z)). The 
square-free part of the discriminant of the quadratic co-factor is ^(Z + 2)(81 Z^ -\-36 Z"^ 
+ 122 Z — 2). Thus we need to study rational points on the hyperelliptic genus 1 curve 
= ^{Z + 2) (81^3 + 36^2 + 122Z-2). The substitution Z = f-2, W=^ 
puts this curve in the Weierstrass form V'^ = - 38U^ + 5iOU - 2916. The point 
{u, v) = (30, 78) is on this curve, but it is not a torsion point by the Nagell-Lutz 
Theorem (78 does not divide the discriminant of U'^ — 38C/^ + 540f7 — 2916). Thus there 
are infinitely many M24 extensions of Q(t) of type (12,2,2,2) and all branch points 
rational. An example is given by s = 21/25. 

It remains to verify that the polynomials in the Theorem have the correct Galois group. 
Since M24 is self-normalizing in 524, it suffices to show that the given polynomials have 
Galois group M24 over C(t). Identifying the Galois group with the monodromy group, 
it is clear that the group does not change if we vary s along a path such that each 
Fs{X) = (t - A{X))^ + (1 + X^)B{X)'^ has 4 distinct branch points. Computing the 
discriminant of D{T) from above gives a high degree polynomial in s whose single rational 
root is s = 1. 

Thus it suffices to show that Fq{X) has the correct monodromy group. One checks 
that Fq{X) is irreducible. If we set t = 1 and factor over F7, we get a linear factor 
and an irreducible factor of degree 23. By the Dedekind criterion, the Galois group of 
Fq{X) contains a 23-cycle, so it is doubly transitive. Furthermore, one verifies that 
the discriminant of Fq is a square in Q[t]. So the Galois group of Fq is either M24 or 
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A24- To rule out the latter case, one can numerically compute the four generators of 
the monodromy group corresponding to four branch points. In a forthcoming paper, we 
develop an algebraic criterion which bounds the Galois group from above and which is 
applicable here. 

4 Appendix 

Here we give the polynomials Ag and Bg from the theorem. These and further polyno- 
mials and discriminants, corresponding to pq being rational or all pi rational, appear on 
the website www.niatheniatik.uni-wuerzburg.de/~mueller/Papers/m24.sage . 
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As = 4194304X^2 _^ 25165824sX^^ + (-66060288s'' - 1321205765^ + 1258291205^ 
+ 157286400s - 72351744)X^° + (7864320s^ - 291766272s^ - 530055168s^ 
+ 374865920s^ + 5898240005^ - 2571632645 + 1572864)X'^ + (950681605^ 
+ 4041605125^ - 3072655365^ - 17114726405^ - 3194388485"^ 
+ 17747804165^ + 3006464005^ - 6803292165 + 154443776)X^ 
+ (-196608005^° + 2459156485^ + 10562600965^ + 4259845"^ - 2924347392s^ 

- 16092856325^ + 25593446405^ + 10314383365^ - 11177820165^ + 3084369925 

- 34062336)X^ + (-241213445^^ - 1875333125^^ + 410972165^° + 13193236485^ 
+ 12575764485^ - 18141224965^^ - 3242037248s^ - 1114398725^ + 21904834565^ 
+ 6036746245^ - 7016960005^ + 223252485 + 46684160)X'^ + (61271045^^ 

- 185551365^3 - 2338810885^2 _ 1758776325^^ + 7820835845^° + 15548162565^ 
+ 3050296325*^ - 21266974725^ - 26877393925^ + 3425262085^ + 22443432965^ 
+ 1293767685^ - 9269898245^ + 2482736645 + 16098816)X^ + (7500205^^ 

+ 143597445^^ + 120530885^"^ - 1145048965^^ - 2075735205^^ _ 47353152s" 
+ 5877912645^° + 15257598085^ + 8175201525^ - 27679067525^ - 29715705285^ 
+ 20588615045^ + 23044953445^ - 14782647685^ - 6735356485^ + 7302742405 

- 156060348)X^ + (-2400005^^ - 7715205^^^ + 45522085^° + 54075525^^ 

- 120858245^^ - 573420165^3 - 2240087045^^ _ 1454455685^^ + 8699598725^° 
+ 14057815685^ - 7469174725*^ - 23644918405^^ + 1482821765^ + 17685112965^ 

- 5731884805^ - 7392400005^ + 6930328965^ - 2470132485 + 30667728)^3 
+ (82675^° - 602925^^ - 1894185^^ + 3877645^"^ + 492795^^ + 104169445^^ 

+ 77992405^^ - 966305765^3 _ 1735439525^2 _^ 1154124245^^ + 4957150125^° 
+ 3465853685*^ - 2643311945^ - 7107579045^^ - 2461796405° + 5775210405^ 
+ 2039859995"^ - 43251798853 + 974916065^ + 112542285 - 5330757)^2 
+ (336522 _^ 2884521 + 291852° - 2805^^ - 1872605^^ - 55108451^^ 
+ 34399425^° + 39907205^^ - 132517285^^ - 317792885^3 _ 226167245^2 
+ 22OOOI65" + 1548293685^° + 2208541205^ - 1780412525^ - 4486327045^ 
+ 1896859205° + 3828508365^ - 1842747065^ - 24159999253 + 19150128452 

- 375437405 - 3462498)X 
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Bs = (251658245^ + 25165824s - 25165824)X^° + (-1572864s'' + 132120576s^ 
+ 1163919365^ - 119537664s - 1572864)X^ + (-99614720s^ - 304349184s^ 
+ 268959744s^ + 804782080s^ - 132120576s^ - 452198400s + 145227776)X^ 
+ (16711680s^ - 350552064s^ - 10143006725^ + 369819648s^ + 2081488896s^ 

- 21430272s^ - 12309626885^ + 417398784s - 16515072)X'^ + (59408384s^° 

+ 3404677125^ - 1864499205^ - 1965195264s'^ - 1035206656s^ + 2817441792s^ 
+ 20045496325"^ - 17696358405^ - 7299727365^ + 7971225605 - 164757504)^6 
+ (-139699205^2 _^ 984821765^^ + 6466959365^° + 2457661445^ - 20841569285^ 

- 22866862085^^ + 20054446085^ + 28977684485^ - 11265776645^ - 10028748805^ 
+ 8669952005^ - 2785628165 + 48453120)X^ + (-59924485^"* - 666360325^^ 

- 159728645^2 _^ 5210178565^^ + 6928721925^° - 6468820485*^ - 19875404805^ 

- 8735631365"^ + 13824512005^ + 17788520965^ - 3718937605^ - 9165184005^ 
+ 3350210565^ + 1429122565 - 56207872)X^ + (16214405^^ + 4246405^^ 

- 472407685^^ - 502282885^^ + 1574153605^^ _^ 4095600005^^ + 2748597125^° 

- 4170227845^ - 14492952965^ - 7228241285^ + 16259730565^ + 11801208965^ 

- 11453170565^ - 4940684165^ + 7377464965^ - 1639116165 - 6865152)X3 
+ (50005^^ + 16168805^"^ + 26390645^^ - 120173445^^ - 210084165^^ 

- 171531525^^ + 560321605^2 _^ 2741663365^^ + 3407290085^° - 5189066565*^ 

- 10935248485^ + 2459422085"^ + 13114109125^ - 3384586245^ - 7721618885"^ 
+ 3479666565^ + 3637240405^ - 3095255845 + 71415384)^2 + (-1665652° 

- 1011445^^ + 1204405^^ + 909685^^ - 3604885^^ - 11527685^^ - 162316165^"^ 

- 203633285^^ + 682796485^2 _^ 1529607845^^ - 287050405^° - 2730011685^ 

- 976952485^ + 2255603845^^ + 242315525*^ - 1627205125^ + 970961765^ 

+ 1027225045^ - 15289322452 + 659196725 - 8906760)X + 52 7522 + 113852^ 

- 54952° - 15565^^ - 324515^^ + 3722745^"^ + 5990095^*^ - 28597925^^ 

- 66907465^"^ + 29711405^^ + 163735665^2 _^ 158481685^^ + 53096745^° 

- 297930045^ - 627024145^ + 182148325^^ + 820239635^ - 119314465^ 

- 566363935^ + 229147005^ + 580234552 - 42021185 + 224829 
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